The second elementary symmetric function value Elliptic curves
Introduction
In 1996, A. Schinzel [3] proved that for every k, there exist infinitely many primitive sets of k triples of positive integers with the same sum and the same product. In April 2011, the authors [6] generalized it from triples to n-tuples, i.e., the system of equations has k solutions for every k ∈ N − {0}. A set S of n-tuples is called primitive if the greatest common divisor of all elements of all n-tuples of S is 1.
In [6] , the referee asked whether there exist infinitely many n-tuples of positive integers with the same sum, the same product, and the same second elementary symmetric function value 1 l<m n x l x m for n > 3. We can't solve it now for n = 4. However, we solve the following system of equations ⎧ ⎪ ⎪ ⎪ ⎪ ⎪ ⎨ ⎪ ⎪ ⎪ ⎪ ⎪ ⎩ 1 l<m n x il x im = A,
By using the theory of elliptic curves, we prove the following theorem. 
Rational points of a family of elliptic curve
In order to prove the theorem, we should study the rational points of a family of elliptic curve and the method is as used in [3] . For concision, we construct two lemmas in this section, then we give examples for n = 3 and n = 4. Lemma 2.1. The system of equations
has infinitely many solutions in rational numbers x j > 0, j = 1, 2, 3.
we consider it as a quadratic equation of x 2 , if it has rational solutions, the discriminant (x 3 ) = −24x 
Therefore, we can find infinitely many solutions in rational numbers
In Fig. 1 
has infinitely many solutions in rational numbers x j > 0 for n 4. Proof. Taking
we consider it as a quadratic equation of x n−1 , if it has rational solutions, the discriminant (
be a square. Let u = x n , and v 2 = (x n ), then we have
noting that the point Q = (0, 2n) lies on C n , if we treat Q as a point at infinity on C n and use the method described in [2, p. 77], we can conclude that C n is birationally equivalent to the elliptic curve
by means of the mapping 4) and its inverse transformation is 
E n is a family of elliptic curves, which is defined over Q. and when n 4, we have = 0, this means that E n is nonsingular. Meanwhile, the cubic equation
has three different integral roots
Then there are six integral points
lie on E n .
Note that (2.2) always has solution (1, 1, . . . , 1, 2, n) or its permutations, according to the mapping (2.4) , it is easy to check that the points
lie on E n . Using the Group Law on elliptic curves, we obtain the points where O denotes the point at infinity on E n . To prove that there are infinitely many rational points on E n , it is enough to find a point on E n with x-coordinate not in Z. When the numerator of the x-coordinate of [2]P 1 is divided by (n 2 −3n+1) 2 , the remainder equals r = −4(4n−3)(3n 2 −6n−2) and r = 0 when n 4. For 4 n 51 one can check that |r|/(n 2 − 3n + 1) 2 is not an integer, and that it is nonzero and less than 1 in modulus for n > 51. Hence for all n 4 the point [2]P 1 has nonintegral x-coordinate and hence, by the Nagell-Lutz Theorem (see p. 56 of [4] ), is of infinite order. Then there are infinitely many rational points on E n .
From the mappings (2.4) and (2.5), we have
2).
In view of x j > 0, j = 1, . . . ,n, from x n , we have the condition
In virtue of the theorem of Poincaré and Hurwitz (see [5, Chapter V, p. 78, Satz 11]), E n has infinitely many rational points in every neighborhood of any one of them. Hence we have to find a nontrivial point satisfies the condition. Let Q 1 = (4n 2 − 12n, 32n 4 − 144n 3 + 208n 2 − 96n), by using the Group Law on elliptic curves, we find Q 2 = (−8n(n 2 − 3n + 3), −8n(n − 1)(2n − 3)(2n 2 − 7n + 9)) such that
Obviously, the point Q 2 satisfies the inequality y < 0, x < −4n 2 + 12n for n 4. Hence, there are infinitely many rational points of E n satisfying y < 0, x < −4n 2 + 12n. Therefore, we can find infinitely many solutions in rational numbers x j > 0, j = 1, . . . ,n satisfying (2.2). 2
As an example, when n = 4, from the mappings (2.4) and (2.5), we have
.
is a solution of (2.2) for n = 4.
In Fig. 2 
Proof of the theorem
Proof of Theorem 1.1. The method is as used in [3] . Because of the triviality for n = 3, we can assume that n 4. 
